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Abstract 

Supersymmetric branes in the plane wave background with additional con- 
stant magnetic fields are studied from the world-sheet point of view. It is found 
that in contradistinction to flat space, boundary condensates on some maxi- 
mally supersymmetric branes necessarily break at least some super symmetries. 
The maximally supersymmetric cases with condensates are shown to be in one 
to one correspondence with the previously classified class II branes. 
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1 Introduction 



Since the discovery of the plane wave in [T] as another maximally supersymmetric 
background of type II B superstring theory and the explicit quantization of strings on 
it in El, this solution has been intensively used in the study of the gauge-gravity 
(AdS/CFT) correspondence via the BMN proposal [I]. For reviews see for example 
jSl El HI El E|- Branes in this Ramond-Ramond background have been studied in a 
number of papers from different points of view. The probe brane approach was carried 
out in [ini EDI Ell , boundary states were used in [TH EI3 EH E2] and open string theory 
methods were applied in O H3 CH E3 EI] • Closely related setups were considered for 
example in HH E51 ESI EH EH1 • 

In this paper we study branes in the plane wave with nonzero gauge field condensates 
J rIJ ,J rI+ from the world-sheet point of view. We derive the conserved (dynamical) 
supersymmetries, calculate open string partition functions and prove the equivalence 
with the closed string cylinder diagrams, expressed by boundary state overlaps. 
It will be shown that in contradistinction to the situation in flat Minkowski space it 
is impossible to turn on magnetic fields on some supersymmetric branes in the plane 
wave without further reducing the amount of conserved supersymmetries. 

Maximally supersymmetric branes in the plane wave without boundary condensates 
were classified in [T71 I2~T] by using the fermionic gluing matrix M which is given as in 
flat space by the product of 7-matrices along the Neumann directions 

M=\{ 1 1 (1) 

leJV 

The class I {DJ) branes are characterised by MIIMn = — 1 with II = 7 1 7 2 7 3 7 4 , and 
are of the form (r, r + 2), (r + 2, r) with r = 0, 1, 2. Here the notation (r, s) labels the 
orientation of the branes with respect to the SO (4) x SO (4) - background symmetry. 
The so called class II (D + ) branes are characterised by MIIMn = +1, and consist of 
the (0,0) instanton and the (4,0), (0,4) branes [T71EI]- The last example is special, as 
these branes couple to the nonzero background F 5 -form flux, leading necessarily to a 
nonzero jF +/ -worldvolume flux. 

The gauge field condensates considered in this paper will be seen to give rise to new 
continuous families of maximally supersymmetric D-branes in the plane wave. These 
families interpolate smoothly between the Euclidean (class I) (2,0), (0,2) branes and 
the (0,0) instanton and between the (4,2), (2,4) and the class II (4,0), (0,4) branes. 
Because of this, the new branes are in one to one correspondence with the previously 
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mentioned class II branes. 

On the remaining static Euclidean maximally supersymmetric (non-oblique) class I 
branes, the (3,1), (1,3) branes, constant magnetic fields reduce the supersymmetry 
further. This behavior will be seen to be related to the observation from [TH Ho] that 
the (static) class I branes preserve the maximal amount of (dynamical) supersymme- 
tries only when placed at the origin of transverse space. 

As a consistency check we consider the equivalence of the open and closed string de- 
scription of the branes under consideration. For this we extend and connect the results 
of I2J] by defining gauge field dependent generalizations of the special functions 
ft of (201 and of [21]. These special functions itself were m - dependent defor- 
mations of the well known /-functions of Polchinski and Cai from ^H] , which appear in 
the usual flat space treatment. Similar deformations of the standard T-function have 
appeared in the context of plane- wave physics in [JU1 ■ 

The new function g% (q,9), for example, which appears in the cylinder diagram of 
(2,0) branes, interpolates between the fzipi) function from [20] and the g^iq) func- 
tion from the instanton description of |21| . The angle variable 8 G [0, n] parameterizes 
here the world- volume gauge field strength T . 

The situation of gauge condensates extended along a light-cone direction, that is, only 
J r+I 7^ 0, was addressed previously in jini I2H H2] and for the more general massive 
backgrounds of [21] in [2E] • Aspects of non-commutativity in the plane wave resulting 
from a nonzero 5-field background were studied in |3*T| 13*3*] . For other studies of D3 
branes with condensates in this background by supercoset or DBI methods, see [13] 
and 01] . Additional comments on the related situation of branes in the Nappi-Witten 
background appeared recently in |45j . 

The paper is organized as follows. After briefly summarizing general aspects of bound- 
ary condensates on D-branes and a short review of the situation in flat space in section 
12 we will give a closed string boundary state description of maximally supersymmetric 
branes in the plane wave by considering their (dynamical) supersymmetries in section 
El By doing so, we will derive a general condition for the gluing matrices of maximally 
supersymmetric branes, whose solutions will be discussed in section HJ In the follow- 
ing section certain boundary states and their overlaps will be derived which will 
finally be compared with the results of a detailed open string treatment from section 
El Certain technical calculations are deferred to the appendix. 
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2 Boundary Condensates on Dp branes 



Let us begin by reviewing some well-known facts about boundary condensates on 
D-branes. As described for example in piJJ EU EH EI] and references therein, the 
introduction of a boundary condensate with (constant) gauge potential A on the world 
volume of a D-brane leads to the following boundary action 



J ds (a^X 1 - -FuS-f'S 



(2) 



with the (abelian) field strength F 
bosonic bulk term proportional to 



dA. In the case of a constant B - field, the 



e a/3 B rs d a X r d X s 



(3) 



and the corresponding fermionic couplings become total derivative terms, and we ob- 
tain for a constant gauge field for which we can set Aj = —^FijX j the combined 
surface action 

(4) 



J dsF LJ (X^d s X J ^ - S-f IJ S) . 



Here we have used the usual gauge invariant quantity T = F — B . 

For the Neumann directions this boundary action leads to the modified boundary 

conditions 

3.X 1 + Tl J d T X 3 = (5) 

at a = 0,7r. By v — 1,2 possibly different condensates on the branes at a = and 
a = 7r are distinguished. For simplicity we will, however, concentrate in the following 
on the case T\ — Ti. As a relation between d + X and d^X equation (j3J) reads 



(d+X 1 + N IJ d„X J ) = 



with 



N 



ij 



~i i j 



T 



i j 



1+JV' 
1 - N 



i u 



(6) 



(7) 



which is valid for the Neumann directions. For the Dirichlet directions the condition 
(JHJ) will be imposed with N = 1, that is 



{d+X l + d_X l ) = d T X l = 



on the boundary 1 . 



1 In this paper we will use upper case letters /, J... for Neumann - and lower case letters for 
Dirichlet directions. 
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In |TT] it is shown how to implement a nonzero gauge field condensate in the light-cone 
gauge boundary state description of branes in type II string theory in a flat background 
by using the conservation of space-time supersymmetries as a guiding principle. Using 
boundary states this conservation is expressed by 

(Q h + ir]M. h Q^ \\B)) = 0, [Q a + ir]M ab Q b ^ \\B)) = (9) 

for the 16 dynamical and 16 kinematical supersymmetries preserved by the (flat) back- 
ground. 

As shown in jTT], JHJ) is fulfilled when using the fermionic gluing conditions 

(sZ + ir}M ab &J)\\B)) = (10) 

in addition to the bosonic relations (jSJ) and (0) described above, iff the orthogonal 
matrices N IJ , M ab) M dh appearing in these conditions are related by 

M ^LMt d = l J ad N". (11) 

This equation expresses, as will be further explained later on, a S'0(8)-triahty relation. 
As there are no further conditions on the gluing matrices, this means that an arbitrary 
constant boundary condensate can be turned on on any even dimensional world- volume 
subspace of a supersymmetric brane in flat space without changing the amount of 
conserved supersymmetries. 

For further details and in particular the derivation of cylinder diagrams as boundary 
state overlaps, the reader is referred to JUE]> f° r example. 



3 Gluing conditions for maximally supersymmetric 
branes in the plane wave 

Now we turn to branes in the plane wave background, being mainly interested in 
static maximally supersymmetric configurations. In the following we use the same 
conventions as in |21j . 

In terms of boundary states, the conservation of dynamical supersymmetries is as in 
flat space encoded in 

(Qa + ivM &b Q h )\\B)) = 0, (12) 

where for consistency with the supersymmetry algebra M has to be an orthogonal 
matrix. Assuming the usual Dirichlet conditions (JSJ) for a flat D-brane which in terms 
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of (closed string) modes reads 

(ai-S i _ B )||B» = 0, (13) 

the condition (|12j) uniquely determines the fermionic gluing conditions. Using the 
mode expansion of the dynamical supersymmetries given in appendix A of [21], they 
can be determined to be of the form 

(j% + iriK?Si n )\\B)) = (n^O) (14) 

with 

^= 1+ ^ Mn M = i + ^Afn M - < 15) 

where we furthermore used 

[M,Y]=0 (16) 

for the Dirichlet directions. The last equation will be further discussed in the open 
string setting later on. The formula (|15|) appeared already in i n the context of the 
oblique OD3 brane. 

In a next step we have to test whether the contributions from the Neumann directions 
in ()12j) vanish when appropriate bosonic gluing conditions are enforced. Using (JT4*j) 
together with the relation 

K-K J ~a J _ n )\\B}} = (17) 

with a mode depending gluing matrix N n to be determined below, the boundary con- 
dition (fT2"j) leads to 



\B)) (18) 



which simplifies to 



Using (|T5Jl and 

mr] uj n — n 
o 2 = ^ 



(19) 



(20) 
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this finally gives 



M 7 J M* - rj- 



N 



i j 



uj n -n 

m 
uj„ — n 



7-r]- 



rn 



( 7 J ITM* - M 7 J n) - 

( 7 7 nM* - M 7 J n) 



-7 



M 7 / M* 



Assuming an n-independent gluing matrix N n = N as for example in 
lead to the conditions 

M~'.M ! = X IJ ~': 7 J = N IJ Mj I M i 



(21) 



this would 



(22) 



and therefore especially to N 2 = 1. As for consistency of the bosonic gluing conditions 
iV furthermore has to be orthogonal, this gives N = —1 for the Neumann directions 
and thus we would be left with the situation of a vanishing boundary condensate. As in 
the case of the (4,0) brane studied in [Ul|2T], a non- vanishing T therefore necessarily 
requires mode depending gluing conditions. 

To find the for the present case correct gluing matrix N n we consider the open string 
boundary condition (J3J) which gives the open-string operator identifications 



-i i J 



T — — 



(23) 



It is for example known from the literature on massive integrable boundary field the- 
ories how to translate this directly into the closed string boundary state picture |26j . 
This so called crossing which is usually done as an analytic continuation in the rapidity 
variable 6 defined as n = sinh0 n , is here simply given by 



9 r . 



VK 

~2 



n 



%UJ r , 



Mr, 



-in 



which leads to the bosonic gluing conditions 



al- 



^ n 



I J 



•77 I u n 

Plugging (0) into this and comparing it with (fTTj) gives 



l|£» = o. 



(24) 



(25) 



N„ 



T+<^ {u n + n)-{uj n -n)N 



(26) 
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with 

N_ n = N n - N t n N_ n = N t n N n = l. (27) 

The last relations make the bosonic gluing conditions self-consistent. 
By translating (J25|) back into a relation between fields, one obtains 

(drx 1 -F IJ d a x J ) \\B}} = (r = 0). (28) 

The compared to (0) additional minus sign has its origin in the double Wick rotation 
a — > — icr and r — > which effectively takes place when changing from the open to 
the closed string channel. 

Going with (J2fijl into (}2"T]) one obtains 

= (M 7 L M* - 7 J iV JL ) + |^( 7 J nM* - M7 J n)(iV JL - 5 LJ ) (29) 

which implies the two following conditions for maximally supersymmetric branes 

M 7 J M* = ^N IJ (30) 
(S KR - N KR ) [ 7 x nM ( - M 7 fe n] = 0. (31) 

As we are currently only considering Neumann directions, the matrix 1 — N is invertible, 
such that we finally obtain the conditions 

M 7 J M* = 7 7 iV /J (32) 
7 K = M-f K UMU = j 1 N IK MUMTl (33) 

for possible gluing matrices of maximally supersymmetric static branes in the plane 
wave background. 

So far we only considered contributions from nonzero modes to (jl2j) . As the "zero- 
modes" do not contain a cr-dependency in the closed string channel, T drops out for 
these modes and the previous considerations for a vanishing T for example in [21] 
remain unaltered: Commuting (|12jl with Xq one obtains 

(s a Q +i V M ab si)\\B)) = Q, (34) 

that is, the boundary state preserves 8 kinematical supersymmetries. Using this in 
(JI2J), we are left with 

(-^F / ( 7 7 M - MY)S q - mx^YU - M^UM)S ^ \\B)) = 0. (35) 
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For the Neumann directions this is solved with the standard requirement 



PS\\B)) = 0. (36) 
For the Dirichlet directions, however, one has to have either 

MTIMTI = 1, (37) 
which corresponds to a class II brane without gauge field excitations or 

xi\\B)) = 0, (38) 
that is, the brane has to be restricted to the origin in transverse space. 



4 Supersymmetric Branes with nontrivial T 

The first condition ()32|) is identical to (fTT|) for branes in flat space. As already men- 
tioned above, it says that the 3 matrices M^, M ab and Njj are related by SO(8)-triality, 
compare for example with ^T] . This condition is explicitly solved by the formulas given 
in |11L IT2*] (with a slightly different normalization) 

NlJ = e^MivEf/ (39) 

and 

M . . = e in MN y%» . ^ = e ^ MN1 %» (4Q) 

with 

E MAT = 5 M 5 N _ 5 N 5 M. ynn = I^n] _ (41) 

The second condition (|3*3*j) has no flat space analogue as it explicitly contains the matrix 
II. For maximally supersymmetric branes this condition gives rise to some qualitative 
differences compared to flat space, where a nonzero boundary condensate does not give 
rise to any new constraints. 

Before studying cases with nonzero magnetic fields in detail, it is easy to see that all the 
considerations so far are consistent with the previous works on branes in the plane wave 
background. Assuming a mode independent fermionic gluing condition as for example 
in [TH !2Uj . one needs MUMU = —1 which furthermore gives with (}3*3*j) jV = —1, such 
that the bosonic gluing conditions finally reduce to the usual N n = N = — 1. 
The maximally supersymmetric class II branes with MUMU = 1 are not contained in 
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the previous discussion as the (O,0)-instanton does not have Neumann directions and 
as the (4,0), (0,4) branes couple necessarily to the flux F +I (|TB1I2H|), a possibility to 
be discussed in the context of the (4, 2)-brane with boundary condensate later on. 
The previous discussion shows in addition that the compared to flat space new feature 
of mode dependent gluing conditions as in (fT4*j) is actually generic for (maximally 
supersymmetric) branes in the plane wave and not a speciality of the D-instanton. 



4.1 The (2,0), (0,2) branes 

The cases of the (2,0) or (0,2) 2 (Euclidean D1-) branes are solved as follows. Without 
loss of generality we choose the first two coordinates I = 1,2 as Neumann directions. 
With this we obtain 



N = exp 



9 



and 



M ab = exp 



1 
-1 



2 ^ab 



cos 9 sin 9 
— sin 9 cos 9 



U cos - + 7^ sin-. 



Furthermore we have 



[M,n] = o, 

such that the second equation in (}32|) reads 

7 J = 7 J N IJ M 2 = M-y J M <-> MV = 7 J M (J = 1,2). 



(42) 

(43) 
(44) 

(45) 



For the (2,0) case this is an identity without further conditions on N. Thus we can 
have arbitrary constant boundary condensates JF on (Euclidean) Dl-branes without 
additional supersymmetry breaking. 

As it should, the boundary condensate T somehow interpolates between the usual class 
I (2,0) brane and the (class II) (0,0) instanton. Choosing 9 = the gluing matrices 
reduce to 



n 



which are the conditions for the D-instanton and for 9 = n we obtain 
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12. 



N„ = -1, 



(47) 



2 For branes with nonzero magnetic fields we use the same labelling as for their T — > limits from 

[nun] 
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which are the conditions for the usual (2,0) brane. 

The boundary state of the (2,0) brane, its consistency with the open string channel 
description and further results from the interpolation to the instanton will be discussed 
in the next section. 

4.2 The (3,1), (1,3) branes 

Unlike the flat space case it is in the plane wave background impossible to turn on a 
boundary condensate on a (true) subspace of the brane world volume and still maintain 
maximal supersymmetry. This follows simply from the observation that if N has an 
eigenvalue —1, the condition f)33|) immediately leads to the condition of class I branes 
and especially to N = —1. 

Even for a non-degenerate T the condition (}3*3*j) is in general not solvable as the example 
of the (3,1) brane shows 3 . To study this case it is convenient to choose a coordinate 
systems such that the antisymmetric Q in (|40j) takes a particularly simple form. From 
the SO (A) x SO (A) background symmetry we have in this case only a SO (3) symmetry 
on the world volume which allows us to bring Q to the form 

/ a 
-a 

\ -b -c 

(To block-diagonalise Q, that is, to set b = 0, a full S'0(4)-rotation would generally be 
necessary.) By using ()33|) we can now show that a nontrivial boundary condensate on 
a flat (3, l)-brane is not consistent with maximal supersymmetry (as long as we do not 
change the gluing conditions (|13[) to allow non-static configurations). Indeed, using Q 
as above and aligning the brane along the 1,2,3,5 directions, we have 

M = exp 

Evaluating J3HJ) in the 1 — 5 direction gives 1 = IiM 2 Ii = M 2 which leads with (jHSJ) 
to N 2 = 1, that is, the case of a trivial boundary condensate JF = 0. 
This observation, i.e. that it is impossible to turn on a gauge field condensate on 
a (3,1) brane and still maintain maximal supersymmetry, is related to the previous 
observation that the class I branes break all dynamical supersymmetries when removed 

3 The following analysis extends immediately to the case of (4,2), (2,4) branes without additional 
T +I condensates. 



b 

c 

0/ 



(4? 



+ 2^ + V 



, 25 



:-!5 



(49) 
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from the origin of transverse space [TH ll5j. Indeed, from the open string bosonic mode 
expansion (|95p to be derived below, it can be seen that the zero modes along the 
Neumann directions with nontrivial T tend in the (well behaved) T —>■ oo -v=> 6 — > 
limit to the Dirichlet zero modes describing a brane removed from the origin. From 
this it follows that only static (Euclidean) branes related to the instanton (as discussed 
before) or the (4, 0), (0, 4) branes (to be considered in the next section) can preserve 8 
dynamical supersymmetries when boundary condensates are switched on. 



4.3 The (4,2), (2,4) branes with flux 

As a second example of a brane with nontrivial gauge condensate T IJ ^ we will 
consider in this section the (4, 2) case which is connected by the limiting process dis- 
cussed above to the class II (4,0) brane. As explained in [TH], the (4,0) brane couples 
to the nontrivial F$ background flux in a way that the boundary condensate is 
necessarily switched on to obey the equations of motion. The jF +/ -coupling alters the 
bosonic gluing conditions along the / = 1, ..4 Neumann directions, but leaves the other 
gluing conditions as discussed before in section El 

We will start with a (4,2) - brane and switch on a boundary condensate along the 
A = 5, 6 Neumann directions. Using the fermionic gluing matrix 



M = n exp 



9 



:7 



56 



and employing the gluing conditions (fT5j) and (|T5|) as before, the condition (fT^jl 



Qa + ivMaQi) 11(4,2), F +I ,9)) = 



(50) 



(51) 



uniquely determines the bosonic gluing conditions along the I = 1, ... ,4 directions to 4 
(d+X 1 + d„X T -im cos ~X^J 1 1(4, 2), #)) =0 (r = 0) (52) 



which in terms of modes reads 



_j 1 - COS | j 

a o + i ; e a o 
1 + cos % 



||(4,2),.F +/ ,0)> = O 



(53) 



'We will give a more detailed derivation of this result in the open string setting in sectional 



11 



and 



0J n — m cos • 

u> n + m COS 



||(4,2),.F + ',0» = O 



(54) 



The gluing conditions ()54|) are in direct analogy to the (4,0) case discussed for example 
in [T7||2I]. As for the case of the (2,0) brane, the boundary condensate T interpolates 
smoothly between the (4,2) and the (4,0) brane. It is worth noting that in the 9 — > n 
limit not only T Ah \ but also tends to zero to exactly reproduce the class I setting 
of [THIIIj. 



5 Boundary states and cylinder diagrams 

In this section the (2,0) brane boundary state will be determined. By using it (and the 
analogous state for a (4,2) brane with T ^ 0), certain cylinder diagrams will be found 
by calculating the corresponding boundary state overlaps, generalizing the results of 



5.1 The (2,0) boundary state 

From the gluing conditions derived in the last section and the standard (anti-) commu- 
tation relations summarized for example in the appendix of [21] , one can immediately 
write down the boundary state of the (2,0) brane with boundary condensate T at 
transverse position y = (compare for example with [T41 |2*H I3U]) 



(2,0),O,?7,P + ))=Arf O) exp 



oo 

E 

k=l 



~Oj_uCL_u ~\~ 



exp 



1 + T)M 

1 - rjM 



919\ 



N IJ 

■a_ k a_ 



1 - 7]M 

1 +r]M 



ub 



e2 a o«o-2 a o«o|o).(55) 



The state |0) is here given by the usual Fock space vacuum corresponding to the fixed 
light-cone momentum P + . It is in particular annihilated by the fermionic zero modes 
9l and 9r, as defined in the App. A of [21]. The normalization factor Mq 2 '^ has still to 
be identified by a comparison with the open string one-loop calculation to be carried 
out in section 6. 
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5.1.1 Cylinder Diagrams 

As described for example in [20] , the cylinder diagram is given in terms of boundary 
states by the following overlap 



A^ e = (((2,0),O,rJ,-P + ,9\\e 



-2irtHP+ 



||(2,O),O,77,P + ,0». 



(56) 



Keeping in mind the different momenta P + for the in- and out-going boundary states 
and its consequences, the overlap can be evaluated by standard methods. One obtains 
for the brane/brane case rj = fj 



and for the brane/antibrane case 77 = —i] 



(57) 



•^77,— rj,( 



(2sinh[m7rsin|]) 4 (f[ m \q)) 



(58) 



where f[ m \q) is defined as in [20J and g^'iq^) is the following deformation of the 
function g^ a \q) of 



gt\q,0) = 2sinh 



rmr sin - 
2 



-2A r , 



\ 



1 + 



sin 2 § 



'1 — cos • 



1 + 



sin 2 I 

2 qm 



;i + cos|) 2 



n 1+^ 



71=1 



u>„ — m cos • 



u n + m cos 5 



l + q u 



LO n + m cos • 



iO r , 



mcos 2 



(59) 



2 sinh 



9 



run sin ■ 



q 



-2A, 



n 



\ 



a>„ — m cos ■ 



u; n + m cos • 



cj n + m cos „ 

1 + q Wn ■ 

u„ — m cos • 



Here the zero mode contributions of (|59|) might alternatively be written as 
-2A m 4sinh ["i^sin |] 



sin 



9 



9 



sm 2 - + cos 2 — o m I I cos 2 — h sin 2 —<i u , . 
4 4 y / V 4 4 y 1 



(60) 



(61) 
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which will be used below to study the 9 — > limit. 

Using the open-string result (|128|) to be derived later on, the boundary state normal- 
ization factor Mq 2 ^ is given up to a phase by 



7Vi 2 ' 0) = 2sinh 



9 

mix sin - 
2 



(62) 



which again reproduces the (2,0) result of j20], but vanishes in the instanton limit. 
This is, however, not surprising, as the fermionic part of the boundary state 
diverges in this limit to give altogether a smooth behavior of the different overlaps in 
both limiting cases. 

The behavior under modular transformations of this ^-dependent family of functions 
will be discussed in the appendix. It can be seen that this family connects the functions 
/ 2 (m) (q) and g { ™ ] (q) defined in [HI EH] : 



hmg™{q,0) = gT\q) (63) 

v — 

hm^ m) (g,fl) = 2sinh[m^](/ 2 (m) (g)) 2 (64) 
and that (|H7|) and (fHHJ) reproduce the (closed string) results of [213 EI]- 



5.2 (4,2)-(0,2) - overlap 

As an example of an overlap containing the (4,2) boundary state with nonzero fluxes 
jtAb ^ b = 5,6) and J r+I (I = 1 ... 4) we consider here the cylinder diagram with a 
(0,2) - (anti-) brane with the same gauge field strength T AB on its world-volume: 

B nfi = (((0,2),0,r ? ,-P + ,^|| e - 2 ^ + ||(4,2),0,F + ,^^ +/ )). 
For the overlap with the (0,2) - brane (rj = 1) we find 

' n~,(i-9"") 



and for the antibrane (r/ = — 1) 



B 



M^ 2) M^ 2) 



w n —m cos 



LO n +m cos 



UJn+m cos 



ui n —m cos 



V 

/ 



2. n W n 
e H 



w 



nr=i(i-r'0 



(65) 



(66) 



(67) 



14 



where the zero-mode contributions as for example from the bosons (/ = 1, ..,4) 



1 - cos | \ 2 

1 + — }q m (68) 

1 + cos | J 

cancel out with the corresponding fermionic contributions. 

Besides the product representation of the f[ m ^ —function from [201, the appearing spe- 
cial functions are essentially given by different halves of the function g% defined in 
([60)1 . which itself have a good behavior under modular transformations. A comparable 
result was found in [21] for the (4,0)-(2,0) overlap without gauge-field excitations. 



6 Open string description 

In this section we will study the previously mentioned branes from the open string point 
of view. First, we will consider open string (dynamical) supersymmetries in general 
and reproduce the conditions (jH2|) and derived beforehand in the boundary state 
approach. After that, we will give a detailed treatment of open strings in between 
(2,0) branes with T ^ and compare the results with those from the closed string 
picture. 

The bosonic and fermionic open string equations of motion are the same as in the 
closed string sector, that is (21 0] 

(d+d. + m 2 ) X s = (D 2 -dl + m 2 ) X s = (69) 

for the bosons and 

d + S = mUS; d^S = -mUS (70) 

for the fermions. As explained in detail in [2"0l I21j. the open string mass parameter m 
appropriate for the light-cone gauge description of instantonic branes is here given by 

m = fiX + (71) 

instead of 

m = 2tt/jP + (72) 

which is used in the closed string sector. The bosonic boundary conditions for the case 
of a non- vanishing boundary condensate T described in section |21 

d.X 1 + T 1J d T X 3 = 0; a = 0, tt (73) 
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for the Neumann and 

X i = y i a a = 0,7r 
for the Dirichlet directions. For the fermions we use furthermore 

S( T ,a = 0) = MS(t, a = 0) , S(r, a = vr) = r]MS(r, a = n) 



(74) 



(75) 



where r] = ±1 distinguishes between the case of a brane - brane or a brane - antibrane 
pair. 



6.1 Open string supersymmetries 

The dynamical supersymmetries in the closed string sector follow from the conserved 
currents [21IT7] 



qr = d + x s YS + mx^ms 
Q a = -d + X s YS + mx s 1 s ns 



(76) 
(77) 
(78) 
(79) 



from which the (conserved) supercharges are obtained in the usual way to, for example, 

V2P+Qa = J da (d-X s YS - mX'YllS^ . (80) 

The conserved supersymmetries in the open string sector are deduced from this as a 
suitable linear combination 

Qopcn = Q- KQ (81) 

of the for open strings generally time- dependent charges Q and Q with a so far unde- 
termined constant S'0(8)-spinor matrix K. 

From the definition of (jHTjl in terms of ()76j) and (|78|) it follows immediately that the 
open string supercharges (|81|) become time independent iff the following boundary 
terms vanish 



d_X s YS + mX s YTlS 



K 



-d + X s YS + mX s YTlS 



(7=0 



Separating this into contributions from Neumann and Dirichlet directions and further- 
more using the gluing conditions © and (J75j) . we obtain the conditions 



= d-X 1 WM - N JI Kj J ) S + mX 1 (V n - K^UMj S 



(7=0 



53) 
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from the Neumann and 



cr=0 



= d-X* f 7 W - Kf) S + mX l (fn - KfUM) S 

from the Dirichlet directions. These conditions require then in particular 
-'.\' J K ! ~'\I: /x'-'lLl/'lI: YM - Kf = 0. 



M) 



55) 



Comparing this with and it leads to K = M = M*. As long as IIMITM 7^ 1 
(for non - class II branes), we furthermore have to choose y l a = 0, that is, to place 
the branes at the origin of transverse space to fulfill the conditions imposed by the 
Dirichlet directions. 

The previous considerations lead for a (2,0) brane with T 7^ to the use of the following 
matrix 

M = M l (> 



cxp 



"2 7 



12 



6) 



in (J75|) . In the conventions of fSJ this actually corresponds to an interpolation 
to the anti (2,0) brane, as M — > — 7 12 for 9 — » 7r. But this is simply the usual sign 
ambiguity in between the open - and closed string picture quantities and we will still 
refer to this as the (2,0) brane. 

The conserved supercharges corresponding to the choice of M as given above again 
interpolate between the instanton and the (2,0) supercharges appearing respectively in 
|2*T| and [13 Ej where the combinations Q(o,o) = Q — Q were used for the instanton 
and <3(2,o) — Q + 1 12 Q f° r the (2, 0) - brane. 

6.1.1 The (4, 2) brane with F +I ^ 

For the open string description of the (4, 2) brane with boundary condensates we use 
the following Ansatz for the boundary conditions at a = 0, tt: 



d+X 1 + d^X 1 
d+X A + N AB d-X B 
d+X 1 - d^X 1 + amX 1 

S 



0; X 1 = 0; 2 = 7, 
0; A, 5 = 5,6 
0; 7 = 1,...4 
M5. 



(87) 



(89) 
(90) 



Going with this into equation (|82j) . one obtains for the Dirichlet (z = 7,8) and the 
Neumann (A = 5,6) directions exactly the same conditions as in and (jHSJ) when 
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using K = M in (J81)) as before. These conditions are in particular solved by the matrix 

6 



M = II exp 



"2 7 



r >(i 



(91) 



which gives in the 6 — > n limit the correct gluing matrix for the (4,2) brane (for which 
then actually all T components will be seen to vanish). 

For / = 1, . . .4 the requirement for eight conserved dynamical supersymmetries be- 
comes 



= d^X 1 ( 7 7 M + M7 7 ) S + mI 7 M (MY IT - 7 7 nM - a 7 7 ) 



(7=0 



(92) 



which vanishes with (}9"Tj) when using a = 2m cos | . The last equality determines the 
strength of the J-" I+ components in dependency of the 'transverse' field-strength T AB . 



6.2 The (2,0) - Open String description 

In the following we will give a detailed open string treatment of the (2,0) brane with 
nontrivial boundary condensate. First we will derive the relevant bosonic and fermionic 
mode expansions and determine the light-cone gauge Hamiltonian. After a brief discus- 
sion of the canonical quantization, we will finally calculate some open string partition 
functions and relate them to closed string boundary state overlaps calculated before- 
hand by modular transformations. It is worth mentioning that the analogous case of 
a (4,2) brane with flux discussed already in the closed string sector, is dealt with by 
essentially the same calculations, such that we will omit the details here. 

6.2.1 Bosons 

The most general solution of (|69|) is given by 

x s (a, r) = A s sin(mr) + A s cos(mr) + B s cosh(ma) + B s sinh(ma) (93) 

o; n V n " / 

n,w„eC\{0} 

with ijj 2 n = n 2 + rh 2 . Using this, the mode expansion for the Dirichlet directions of 
strings ending on branes at the origin of transverse space equals 

X l (r,a) = -2 > a l n sm(na); u) n = sgn(n)Vn 2 + rh 2 . (94) 

nSZ\{0} 
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For the Neumann directions, on the other hand, one has 



e - jmsm 2 T exp 



+ e 



///i sin 



iJrh cos -a 
2 



-z Jm cos -<7 
2 



(95) 



+ i 



neZ\{0} 



with 



J 



1 
-1 



J* 7 



F+ -2- 



-a. 



/ 

-/ o 



/ 



cos ■ 



sin 



(96) 



where the last equation follows from comparing (jZJ) with (|%2*|) which gives 

1 



iV 



1 + / 2 



;i - n 
-v 



v 



(97) 



The first two terms in (|95J) which are the substitute for the otherwise absent zero 
modes in the case of a boundary condensate, correspond to modes n for which the 
matrix T ± — appearing in (|9l)j) is degenerate, that is, when 



= det \T ± 



/ +( ) Ofl = ±OTCOS-. 

w n 2 



(9* 



As already mentioned in [31] where this (bosonic) mode expansion for T ^ was 
written down in different conventions which more closely resemble the usual flat space 
description as for example in |32], but which have a singular behavior in the 9 — > 
limit, these two extra terms fulfill the condition (J5J) actually for all a, not only on 
the boundary. In the limits 6 — > tt, these terms tend to (redefinitions of) the usual 
"zero"-modes of the (2,0)-brane or the instanton. 

6.2.2 Fermions 

The most general solutions of the fermionic equations of motion (J7U|) are given by [21] 
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S(a,r) = S'cos(mr) + n i Ssin(mr) + Tcosh(mcr) + IITsinh(mcr 

n,w m eC\{0} 

i9(t, ct) = —ITS' sin(mr) + 5 cos(mr) + T cosh(m<r) + ITT sinh(mcr 



Sne -i(^ n r-na) + _/ _ n )n J S n e _i(h ' nT+nff) 

m 



(99) 



(100) 



+ c - 

n,w m eC\{0} 



5 n e-^" T+nff) - — (u n - n)US n e- i(uJnT - na) 
m 



with the boundary conditions (J75j) with M = exp [— §7 12 ] • 

For a nontrivial M with 6 G (0, 7r) the boundary conditions (|75|) lead in both cases 
7] = ±1 to vanishing 'zero'-modes S = T = S = T = 0. The conditions for the nonzero 
modes read 



]i + 4k-n)Mn] s„ 

m I 



1 + ri— (u n -n)MU S n 
m 



M — —(uj n — n)II I S„ 
m 



:ioi) 



j)M - —iu n - n)n e - 2mn S n . (102) 
m 



brane - brane, 77 = 1 Using (jlOlj) and ()102j) . the mode expansions for strings 
stretching between a brane - brane pair can be determined to be 



+ 



i + n 

2 

i-n 



exp 
exp 





+msin -T7 
2 



j 2 



-m sin -T7 
2 



12 



o „Tn cos ttct 
One 2 



MSne- mcos 2 a 



+ c - 

nez\{a} 



m 



(103) 
(104) 
(105) 



S(r,a) 



+ 



u + n 

2 

n-n 



exp 
exp 



-msm -T7 
2 



12 



-msm -T7 
2 



12 



S'oe" 



c " 

neZ\{0} 



m 



(106) 
(107) 
(108) 
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with u n = sgn(n)\/n 2 + fh 2 , c n = , m = , —2 sin ^7 12 = M — M t and the operator 
identifications 

. (l+|K-n)Mn) 

= ^ f S„. (109) 

M-|K-n)n 

The first two terms in each expansion correspond as in the bosonic case to n — 
±ifh cos | for which the matrices in (jlOlj) and ()102|) are degenerate. As before, these 
"zero" -modes actually fulfill the fermionic boundary conditions for all a G [0, 7r] and 
not only on the boundary. 

brane - antibrane, rj = — 1 Contrary to the situation before, there are no extra non- 
zero mode contribution in the case of a open string joining a brane and an antibrane 
(with the same gauge condensate J 7 ). This follows directly by combining (jl()l|) and 

dm to 

n - irn cos S n = - (n + irh cos ^n^) (-' 27T " l S n (110) 
which gives £ n=±i ^ cos | = 0. 

The identification between the nonzero - modes S n and S n is still given by (J109)) which 
again follows from ()101|) . To simultaneously fulfill the second condition ()102j) . the 
moding n has to fulfill the following equation 

, n + irh cos | „ . 
w e ^ : 1 = -e 2 ™; n ^ (111) 



n — im cos ■„ 



for the St = ^rP"S n modes and 



2 

n — im cos 



neP e - : = -e 2 ™; n ± (112) 



n + im cos 2 



for the S"~ = ^^•S'n modes. This is in direct analogy to the (0,0) — (0,0) situation 
described in |21j . Both equations have infinitely many solutions on the real axis and 
for small fh all of them are being close to the flat space case of half integers. From 
fh cos | > - on, however, two solutions of Pq become imaginary. This is somewhat in 
analogy to the additional 'zero-modes' for a string stretching between two branes of 
the same kind with nonzero flux as discussed before. 
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6.2.3 The light-cone gauge Hamiltonian 



The light-cone gauge Hamiltonian is given by [21 E] 



da [X 2 + X' z + m 2 X 2 + 



X + 1 
~2tT ~ 4 



and has the following expression in terms of modes 



2 Jo 



da SS + SS 



(113) 



X' 



2tt 



-H 



open 



m 



2 cos- 



sinh 



+ i 



\ sinh 

cos£ 



9 

mix cos — 



mix cos ■ 



c i-n 12<? . 



■m COS ^7T 



l + n 



;ii4) 



for a open string stretching between a brane - brane pair at the same transverse position 
y = 0. In the brane - antibrane case the fermionic zero modes Sq are absent and 
the fermionic nonzero modes have to fulfill either (jlll|) or ()112j) . In this case there 
is furthermore a nontrivial normal ordering constant to be discussed briefly below 
which is (apart from possible zero mode contributions) absent in the first case due to 
supersymmetry. 



6.2.4 Quantization 

The quantization proceeds in the usual way. By stressing that in our case T = F, B = 
0, it is clear that in particular the fermionic canonical conjugated momenta are unaf- 
fected by the boundary condensates. Requiring therefore the equal time (anti-) com- 
mutation relations (as discussed with further details for the bosons in [3T1 132]) 

[X'(t,'),**W)] 
{S a (r, a), S\r, a')} = {S a (r, a), S b (r, a')} 

{S a (r,a),S b (r,a')} 



= iS IJ S(a-a'), (115) 
= 2nd{a - a')5 ab , (116) 
= 0, (117) 



22 



one obtains the following relations for the modes: 
For the bosons 



w n 8 m + n 5 



la 1 a J ] 
[aV J ] 



cosh(m7r COS ~) 



7r sin 9 



sinh [ 



sinh(m7r cos 2) 
7T sin 9 

exp 



1.1 



run cos 



\] 



iJrrm cos ■ 



1. 1 



and for the fermions 
{S a ,S b } = 



171% COS ■ 



sinh \rhix cos |] 



— z — K ^ i 



n 



7rm cos 7t 



r raft 



(118) 
(119) 

(120) 
(121) 



(122) 
(123) 



Some details of the derivations will be given in the appendix. 
6.2.5 Partition Functions 

In this section the open string partition functions for strings stretching between (2,0) 
branes with flux will be calculated for the cases of a brane - brane and a brane - 
antibrane pair. 

As discussed in [THJ 120] , these partition functions are given by 

X+ 



Z(t) = Trexp 



2tt 



-H open t 



(124) 



where the trace runs over the open string Hilbert spaces as (implicitly) determined in 
the previous subsection. 

For the brane - brane pair, the normal ordered contributions of the bosonic zero modes 
in ()114j) are for example given by 



m 



sinh [ 



m7rcos 



cos 



a' exp 



inrhJ cos 



9 



a + 2nm sin 



9 



and are therefore leading to a factor 



(2 sinh \jfmt sin |] )" 
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(125) 



(126) 



as contribution to (|124j) . 

Defining the fermionic vacuum by the requirement that it is for example annihilated by 
the combinations A 1 = Sq +21 + iSQ +21 , I = 0, .., 3, the fermionic zero modes furthermore 
give rise to the factor 



2 sinh 



rhixt sin 



9 



(127) 



Together with the nonzero - mode contributions which are evaluated as for example in 
|21j . one obtains the following open string partition functions 



and 



J v,-v, 



Z v ,rj,e(t) = ( 2 sinh 



rhirt sin 



9 



(2 sinh [fnirt sin §] ) ( (7) 



(128) 



(129) 



for open strings stretching between a brane - brane or a brane - antibrane pair. The 
function (t) is here defined as in |2U| |2*T| and we have furthermore set 



gf\t,9) = 2 sinh [rmrt] q~ A 



fte+ ffi(l-sin|) 



- II v^ 1 



r ) n vf 1 -^ 



) 



AeP fl 



_(130) 

as ^-dependent generalization of the function appearing in [21] . The offset A^,6» is 
essentially determined by the normal ordering constant in the light-cone gauge Hamil- 
tonian. Its explicit form will be given in the appendix. 

As in the closed string picture, this family of functions reproduces the results of [21] 
in the limits 9 — > 0, n: 



\im/™\t,9) 

v — *U 



lim^M) = 2smh[mn}[ff l) {q) 



(131) 
(132) 



which is in particular consistent with the modular transformation properties discussed 

in [201 ESQ. 
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7 Conclusion 



In this paper we have derived the general conditions for maximally supersymmetric 
branes with nontrivial T IJ world-volume fluxes in the plane wave background. Both, 
the open - and closed string picture gave rise to the same results, generalizing the 
findings of [THOU and [IE]. 

In a next step we have solved these conditions and found that the constant magnetic 
boundary fields give rise to new (continuous) families of maximally supersymmetric 
branes which are connected in the limit of infinite field strengths to the previously 
classified class II branes. 

In contradistinction to flat space, magnetic fields cannot be turned on on every max- 
imally supersymmetric brane without breaking some further supersymmetries. We 
argued that this behaviour is directly related to the previous observation from [U US] 
that class I branes are only supersymmetric when placed at the origin of transverse 
space. 

After constructing boundary states and determining certain overlaps, we have shown 
in addition that the new branes pass the important open/closed duality consistency 
check by determining open string partition functions and demonstrating their equiva- 
lence with the closed string results. This final step involved a new family of modular 
functions, generalizing and connecting the results of [2*U] I21j. 
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A Appendix 
A.l Quantization 

In this section some details of the canonical quantization for the fermionic and bosonic 
(open string) degrees of freedom will be given. 
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A. 1.1 Fermions 

Using the relation {S^S b m } = 5 n+m 5 ab we obtain with (fTU3l 

{S(r,a),S(r,a')} = e™ c ° s l^^^{S , S } + e"™ ^ + ^^^{S , S } 

+ - ^(K-n + K. n )e m ^\ , (133) 

where K n is the matrix appearing in (J1U9)) . Using 

. 2u n cos | On — imll cos f 

K + A„ n = = 2u n cos - 1 134 

n + 2mll cos I 2 rr + rrr cos z g 

the sum in ()133j) becomes 

/ $ in(a+a') fj in{a+a') \ 

E } " ™ cos ^ n 2 % 2 , - - 2 cos2 g * i 2 , • (135) 

\ I n z + m A cos z 7j znHm cos z tt / 

The infinite sums can be evaluated as contour integrals as in [21], giving for example 

y _^ = _ / 1 z e iz(°+°') ( 136 ) 

^— ^ n 2 + ra 2 cos 2 | 7c 1 — e27ri2: <2 2 + w 2 cos 2 § 

where the contour C runs infinitesimally above and below the real axis. With < 
a + o' < 2ir we can close these paths in the upper / lower half plane, giving 



and analogously 



n( j,n(cr+o') I g — fh cos |(o-+cr') gin cos | (cr+cr') 

_ = ni -| (137) 

n 2 + m 2 cos 2 § \1- e -2™cos | ]_ _ e 2™ cos f / 



^in(a+a') ^ f p — mcos |(cr+cr') p m cos ^ (cr+cr') 



^ n 2 + m 2 cos 2 | mcos | \ 1 - e" 27r ™ cos f 1 - e 2nfh cos I / ' 

Plugging this into ()133|) . it can be seen with ()122|) that these terms are exactly cancelled 
by the zero-mode contributions. Altogether this leads to 

{S{T,a),S{T,a')} = J2e in( - r7 ~ a ' ) = 27i5(a-a')- 0<a,a'<ir, (139) 



net 



which had to be shown. The remaining cases follow from a similar analysis. 
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A. 1.2 Bosons 

For the Neumann directions the canonical conjugated momenta are given by 
P 1 = \ {d T X T + F IJ d a X J ) 



(140) 



-im 



2 sin 



-imsm %t 



exp[iJmcos-a] a - e imsin 2 r exp[- zJm cos -a] a 



neZ\{0} 



l-^F 



~1 IJ 



aie ina + 



n 

1 + —F 



~i ij 



a J „e~ ma 



Using this, (J9B|) and [a^, a^] = u n 6 n+m 5 IJ , the nonzero mode contributions to 
[X j (t, cr), P J (r, a')] are given by 



rh 2 cos 2 I — n 2 ., , 

2 in(cr+cr') 



„ n 2 + m 2 cos 2 £ 



'141^ 



Using the contour integration as before, this leads to 



iS(a — a') — 2nim cos - 



-rh cos I (cr+o-' ) gfri cos | (ct+o 7 ) 



g— 27rmcos^ g27rmcos2 



(142) 



Setting [a 7 ,a J ^] = L IJ , the zero mode contribution are here 

/ mcosf ( CT+< t')((1 + ,J) L + (1 _ ,J) L t) + e -mco S f _ ,J) L + (1 + jj)^)) 

4 sin I V / 
Comparing this with (|142j) again uniquely determines L as given in (|12(J|) . 



A. 2 The modular transformation 

Using the result 

ft\q) = ft\q) 

from [20], we have to establish the relation 



(143) 



(144) 



with t — -7 for the special functions defined in (JoTij) and ()130|) . 

Setting 777,1 = m cos | the proof given in App. D of [21] carries over immediately to 
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the present situation, so that we will not reproduce it here in detail. In that proof the 
open string offset Am,e is determined to 



2 2 

p=l r=0 7 \ ■£ , 



e p 



(145) 



where the coefficients (9 r are taken from the power series expansion 



uj n + m 1 \ / Lo n - m 1 y n I ^ 



Wn - mi y \a> n + mi y ^ \ m i 

As it should, the limit 9 — > reproduces the instanton result. The limit 9 — > it, 
however, is singular, as the expansion ()146j) as used in the derivation of ()145|) strictly 
makes sense only when understood as an analytic continuation for the meromorphic 
function on the left hand side of (|14fij) to values 

Q 

rrii = m cos — < u n — V n 2 + m 2 . (147) 

Doing this, only the r = term in (|145J) contributes with a factor — > 2, leading to 

AfnH -> 2AL (148) 



with 



1 ^ /-OC 2 2 

^ = -^E(-l)'/ o (149) 



p= 

in accordance with the results of |2Tj] . 

As in the last step, parts of the proof of (J144j) make use of an analytic continuation 
in mi. If would be interesting to see whether there is a more direct approach as for 
example found by Gannon in [SH] for the // m ** functions of [201 , where certain function 
identities are being used. 
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